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第五章 雙變量隨機變數 

 

授課教師：欉清全 

國立暨南國際大學經濟學系 
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Ex 1(例 1.1): Two r.v.s X ,Y  have the joint probability  

( ) ( )ji uYtXPjiP === ,, , the values are 

( ) ( )
( ) ( )
( ) ( ) 3.02,31.01,3

2.02,21.01,2

2.02,12.01,1

==
==

==

PP

PP

PP

 

 

1. Find ( ) 3,2,1, == itXP i  and ( ) 2,1, == juYP j . 

2. Are X  and Y  independent ? 

 
⇒ 
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1. The joint probability is 

 
 

2.  ∵ ( ) ( ) ( ) 12.04.03.0112.01,1, =×=⋅≠= YXYX fff  

∴ X  and Y  are NOT independent. 
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Ex2 (例 1.2) 一個袋子有 3 個白球, 2 個紅球與 3 個綠球, 隨機抽取兩

球,令 X 表示白球個數, Y 表示紅球個數。 

1. 求 X 與 Y 的聯合機率分配 

2. Find ( )21 ≤+≤ YXP  

3. Find ( )11 == YXP  

⇒ 

1. ( )
20

2,1,0

2,1,0

,
8
2

3
2

23

≤+≤
=
=

=== −−

yx

y

x

C

CCC
yYxXP yxyx  
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2. ( ) ( ) ( )2121 =++=+=≤+≤ YXPYXPYXP  

( ) ( ) ( )
( ) ( )0,21,1

2,01,00,1

==+==+
==+==+===

YXPYXP

YXPYXPYXP

 

8
2

3
0

2
0

3
2

8
2

3
0

2
1

3
1

8
2

3
0

2
2

3
0

8
2

3
1

2
1

3
0

8
2

3
1

2
0

3
1

C

CCC

C

CCC

C

CCC

C

CCC

C

CCC ++++=

28
25=  
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3. ( ) ( )
( )

( )
( ) 2

1
1

1,1
1

1,1
11

28
12

28
6

, ==
=

======
YP

YXP

f

f
YXP

Y

YX  

∵ ( ) ( )
8
2

3
0

2
1

3
1

8
2

3
1

2
1

3
0

8
2

3
1

23

, 1,1
C

CCC

C

CCC

C

CCC
xfYP

x

xyx

x
YX +=∑=∑== −  

( )
28
12

2332
1

8
2

=×+×=
C
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Ex 3(例 1.14)  ( )321 ,, XXX 為 discrete joint r.v.s 其機率分配為 

( ) ( ) ( ) ( )
( ) ( ) 8

1
8
1

8
1

8
1

8
3

8
1

1,0,1,1,1,1

,0,0,1,1,1,0,1,0,0,0,0,0

==
====

ff

ffff
 

令 3211 XXXY ++= , 132 XXY −=  求( )21,YY 聯合機率分

配 

⇒ 

( )
( )
( )
( )
( )
( )














=

8
1

8
1

8
1

8
1

8
3

8
1

1

,1,0,12

,1,1,13

,0,0,11

,1,1,02

,1,0,01

,0,0,00

if

if

if

if

if

if

Y    

( )
( )
( )
( )
( )
( )

1
8

3
8

1
8

2 1
8

1
8

1
8

0 0,0,0 ,

1 0,0,1 ,

1 0,1,1 ,

1 1,0,0 ,

0 1,1,1 ,

0 1,0,1 ,

if

if

if
Y

if

if

if




= 




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∴  1Y 的值 0,1,2,3 

2Y 的值 0,1 

2Y   1Y  0 1 2 3 

0 8
1  0 8

1  8
1  

1 0 4
8  8

1  0 
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Ex 4(例 1.16)  Suppose X, Y are independent with the probability 

functions. ( )      1,2,3.
6

x
P X x x= = =  ( ) 2

   ,    1,2,3
10

y
P Y y y

+= = = − . 

Using the mgf to find the distribution of YX − . 

 

⇒ 

The mgf of YX −  is  

( ) ( )( ) ( ) ( ) ( ) ( ) ( )tMtMeEeEeeEeEtM YX
tYtXtYtXYXt −==⋅== −−−  

( ) ( ) ( ) ( ) ( ) ( )321 32
X

t
X

t
X

t
X

x

txtX
X fefefexfeeEtM ++=∑==  
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ttt eee 3
6
32

6
2

6
1 ++=  

( ) ( ) ( ) ( ) ( ) ( )321 32
X

t
X

t
X

t
Y

y

tytY
Y fefefeyfeeEtM ++−=∑== −  

ttt eee 3
10
52

10
4

10
1 ++= −  

∴ ( ) ttt
Y eeetM 3

10
52

10
4

10
1 −− ++=−  

⇒ 

( ) ( ) ( ) ( ) ( )tttttt
YX eeeeeetMtMtM 3

10
52

10
4

10
13

6
32

6
2

6
1 −− ++⋅++=−=  

ttttttt eeeeeee 4
60
33

60
22

60
1

60
120

60
23

60
142

60
5 ++++++= −−  

Let YXZ −=  
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( ) ( )zfeeE Z
z

ztZt
∑==  

∵ mgf 唯一決定一種分配 

 

∴  

 

 

Z  -2 -1 0 1 2 3 4 

( )zfZ  60
5  60

14  60
23  60

12  60
1  60

2  60
3  
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Ex 5(例 2.3)    假設夫妻所得如下表： 

夫 25 35 30 30 30 25 30 30 35 30 

妻 20 25 25 20 20 25 30 25 30 30 

1. Find 夫妻所得 joint 機率分配 & marginal pdf. 

2. 分別計算夫妻所得期望值. 

3. 求夫妻所得共變異數. 

4. 求夫妻所得相關係數. 

5. 列出妻所得為 20 時,夫所得之條件機率分配表,條件期望值. 

6. 夫妻所得是否獨立？ 

7. 若政府對夫妻課固定比列稅率分別為 0.06 與 0.04 求夫妻稅後

所得總額期望值. 
⇒ 
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1. 夫所得：25, 30, 35 (X)   

妻所得：20, 25, 30 (Y) 

 

 

 

 

 

 

 

2. ( ) ( ) 30353025 10
2

10
6

10
2 =⋅+⋅+⋅=∑= xxfXE

x
X  

( ) ( ) 25302520 10
3

10
4

10
3 =⋅+⋅+⋅=∑= yyfYE

y
Y  

x    y 20 25 30 ( )xf X  

25 10
1  10

1  0 10
2  

30 10
2  10

2  10
2  10

6  

35 0 10
1  10

1  10
2  

( )yfY  10
3  10

4  10
3  1 
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3. ( ) ( ) ( ) ( ) 52530755, =×−=−= YEXEXYEYXCov  

∵ 
( )

755303525353030

2530203025252025

10
1

10
1

10
2

10
2

10
2

10
1

10
1

=⋅⋅+⋅⋅+⋅⋅+
⋅⋅+⋅⋅+⋅⋅+⋅⋅=XYE

 

 

4. ( ) ( )
( ) ( ) 1510

5,
,

×
==

YVarXVar

YXCov
YXCorr  

( ) ( ) ( ) ( ) ( ) 1030 2222 =−=−= XEXEXEXVar  

( ) ( ) ( ) ( ) ( ) 10
22

10
62

10
2222 353025 ⋅+⋅+⋅=∑= xfxXE X

x
 

同理 ( ) 15=YVar  
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5. ( ) ( )
( ) 35,30,25

20
20,

20 =
=

===== x
YP

YxXP
YxXP  

( )
35,30,25

20,

10
3

==== x
YxXP

 















==

==

==

=

3500

30
3
2

25
3
1

10
3

10
2

10
3

10
1

x

x

x

 

x 25 30 35 

( )20xf YX  
3
1  3

2  0 
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( ) ( ) 3
85

3
2

3
1 30252020 =⋅+⋅=∑==

x
YX xxfYXE  

 

6. ∵ ( ) ( ) ( )202520,25 10
2

10
3

10
1

, YXYX fff ⋅=⋅≠=  

∴ X 與 Y 不獨立 

 

7. YXZ 96.094.0 +=  

( ) ( ) ( ) 2.5296.094.0 =+= YEXEZE  
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Ex 6(例 2.4)  假設 n 個球隨機分布於 r 個盒子中.令 1=iX 表示 thi  

盒子是空的, 0=iX 表示至少有一個球. 

 

1. 計算 ( )iXE  

2. ji ≠∀ 計算 ( )i jE X X  

3. 令 rS 表示空合數目, 1 2r rS X X X= + + +⋯ , 計算 ( )rSE  

4. 計算 ( )rSVar  
⇒ 
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( ) ( ) ( ) ( )n

rn

nn

i r

r

rrr

r
XP 11

11
1 −=−=

⋅
−==
⋯

 

1. ∴  

 

 

( ) ( ) ( )n

ri
x

Xii xfxXE
i

i

11−=∑= ,  

( )22( ) ( )i i iVar X E X E X= − =( )11
n

r− -( )211
n

r−  

2.  

 

       = 

iX  1 0 

( )iXP  ( )n

r
11−  ( )n

r
111 −−  

ix    jx  1 0 

1 ( )
n

n

r

r 2−  ( )n

r
11−  

0 ( )n

r
11−  0 

ix    jx  1 0 

1 ( )n

r
21−  ( )n

r
11−  

0 ( )n

r
11−  0 
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∴ ( ) ( )21
n

i j rE X X = −  

 

3. ( ) ( ) ( ) ( ) ( )n

rrr rXEXEXESE 1
21 1−⋅=+++= ⋯  

 

4. 

( ) ( ) ( )∑∑=






∑ ∑=+++=

= == =

r

i

r

j
ji

r

i

r

j
jirr XXCovXXCovXXXVarSVar

1 11 1
21 ,,⋯  

( ) ( ) ( ) ( ),i j i j i jCov X X E X X E X E X= −  

( ) ( ) ( )n

r

n

r

n

r
112 111 −⋅−−−=  

( ) ( ) n

r

n

r

212 11 −−−=  
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∴ ( )
1 1

, variance covariance
r r

i j
i j

Cov X X
= =
∑ ∑ = +  

( ) ( )221 1 2 1= (1 ) (1 (1 ) ) ( ) 1 1
n nn n

r r r rr r r  − ⋅ − − + − − − −
 
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Ex7 (例 2.5)  Two r.v.s X&Y. ( ) ( ) 0& ≠kk YEXE   ⋯,3,2,1=∀k  

若( )Y
X 與 Y 獨立. Show that ( ) ( )

( )k

k
k

Y
X

YE

XE
E =  

 

⇒ 

( )[ ] ( )( ) ( )kk

Y
Xkk

Y
X YEEYE =⋅  

⇒ ( )( ) ( )( )
kk kX

YE X E E Y=  

⇒ ( ) ( )
( )k

k
k

Y
X

YE

XE
E =  
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Ex 8(例 2.12)  盒中有 3 球, 標號分別為 1,2,3. 以不歸還方式取 2 球. 
若以 X,Y 分別表是第 1 球與第 2 球號碼. 

1. 求 X,Y 聯合機率函數 
2. 求 ( )YXCov , 與 ( )YXCorr ,  

⇒ 

1. 
3,2,1

3,2,1

=
=

y

x
 

x     y 1 2 3 ( )xf X  

1 0 6
1  6

1  6
2  

2 6
1  0 6

1  6
2  

3 6
1  6

1  0 6
2  

( )yfY  6
2  6

2  6
2  1 
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2. ( ) ( ) ( ) ( )YEXEXYEYXCov −=,  

( ) ( ) 6
1

6
1

6
1

6
1

, 32223121, ⋅⋅+⋅⋅+⋅⋅+⋅⋅=∑∑= yxxyfXYE
x y

YX  

3
11

6
1

6
1 2313 =⋅⋅+⋅⋅+  

( ) 2321 6
2

6
2

6
2 =⋅+⋅+⋅=XE  

( ) 2321 6
2

6
2

6
2 =⋅+⋅+⋅=YE  

∴  ( )
3
1

2
3

11
, 2 −=−=YXCov  
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( ) ( ) ( )
3
2

4
3

14
2

6
2

3
6
2

2
6
2

1 222222 =−=−⋅+⋅+⋅=−= XEXEXVar  

( )
3
2=YVar  

( )
2
1

,
3
2

3
2

3
1

−=
⋅

−=YXCorr  
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EEEEx 9(例 2.24)  考慮以下聯合機率函數 

( ) ( ) ( ) ( )1 1, 0.6 0.4 0.3 (0.52) 2     0,1   0,1
x x y y xyf x y x y

− −= = =  

1. Find ( )0=xyf  

2. ( ) ( )XVarXE &  

3. ( )YXCov ,  

4. ( )YXE +  
⇒ 

1.  

 

 

 

 

x     y 0 1 ( )xf X  

0 0.208 0.12 0.328 

1 0.312 0.36 0.672 

( )yfY  0.52 0.48 1 
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( ) ( )
( )

( )




==
==

====
1

0

328.0

,0

0

,0
0

41
15

328.0
12.0

41
26

328.0
208.0

,,

y

yyf

f

yf
xyf YX

X

YX
Y  

 

2. ( ) ( ) 672.0=∑=
x

X xxfXE  

( ) ( ) 672.022 =∑=
x

X xfxXE  

∴  ( ) 2204.0672.0672.0 2 =−=XVar  
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3. ( ) ( ) ( ) ( ) ( )( ) 03744.048.0672.036.0, =−=−= YEXEXYEYXCov  

( ) ( ) 48.0=∑=
y

Y yyfYE  

4. ( ) ( ) ( ) 152.148.0672.0 =+=+=+ YEXEYXE  
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Ex 10(例 2.32)  隨機變數( )YX , ,其 joint pdf 為 ( )YXf , . 假設 X,Y 的 

mean 與 variance 分別為 22 ,,, YXYX σσµµ 且 ( ) ρρ =YX , .試以最小平方法

求 a,b 值. s.t. ( ) ( )[ ]2, bXaYEbaQ −−=  為最小.以獲得 bXaY +=
⌢

. 

⇒ 

( )
( ) ( )[ ]2

,
, bXaYEbaQMin

ba
−−=  

( )( )[ ]
( )( )[ ]




=−−−=
=−−−=

∂
∂

∂
∂

02

012

XbXaYE

bXaYE

b
Q

a
Q

 

⇒ 
( ) ( )
( ) ( ) ( )




+=
+=

2XbEXaEXYE

XbEaYE
 

⇒ 
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( ) ( )
( ) ( ) ( )2

a E X b E Y

E X a E X b E XY

 + =


+ =

 

( )
( ) ( ) ( ) ( ) ( )XVarXEXE

XEXE

XE
=−==∆ 22

2

1
 

( )
( ) ( ) ( ) ( ) ( ) ( )YXCovYEXEXYE

XYEXE

YE
b ,

1
=−==∆  

∴  
( )
( )

( ) ( )
( ) ( ) ( ) 







⋅===
∆
∆=

X

Yb

XVarYVarXVar

YVarYXCov

XVar

YXCov
b

σ
σρ,,

 

∵  X

X

Y
YXYYX baba µ

σ
σρµµµµµ 







−=−=⇒=+  
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∴  XY
X

Y
X

X

Y
Y 







+






−=
σ
σρµ

σ
σρµ

⌢

 

( )X

X

Y
Y X µ

σ
σρµ −







+=  

 

 

 

 

 

 


