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X,Y discrete (continuous) r.v.s &Y =,
E(X]Y=y) =2, (X))
E(X|Y =y) =12, (XY = y)dx

e X TTHefd ey At T3y » weight 245444 & o



Note: E(X|Y)itdE% %5 &2 AR {Y=y}, E(X)Y)ERR&1H.
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Ex5.24 4 Ex5.22
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E(X]Y =1)=%xf, (XY =1)=1[2

+2[5+3I
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Cxe Y= 269454 T



Cx Y= 38948 TF

fxv(l)Y :3):% =0

oolm

XY(Z‘Y 3) 8_

fxv(aY :3):8%:%

E(X]Y =3)=%xf,,(X[3)=1[0+2[2+3[L
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Bk Y= 4 g fEpT
foy[lY=4)=%=0
fv(2Y=4)=5=0
fv (8Y =4)

E(X|]Y =4)=1[0+2[0+3[1=3
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2
2 if Y=2  P(Y=2)=01
E(XY)=1 ! (v =2)
3
3

E(E(X|Y))=2x0.4+2x0.1+2x0.3+3x0.2=2.3

Note : E(X)=2.3
e 0 E(E(X]Y))=E(X)

wmAEEH Y MEE (law of interated expectations)



¥ 526 XY rvs Al E(XY)Y)=YE(X]Y)
MY 42E Y d#a(Y), E(Xg(Y)Y)=g(Y)E(X]Y)

¥ 527 X,Y rvs g

E(aX +b|Y)=E(aX|Y)+E(b]Y)
=aE(X|Y)+bE(1Y)
=akE(X|Y)+b



w5 ¢lY) mEn X 93 F % (mean square errors MSE) 4

MSE = E(X - V)], %7 X 5t qlY) eo3mt -

23528 XY rvs ¢Y) & Y &R

E|(x - E(X|Y)) |< E[(X - Y)Y

B E|[(X - E(XY))g(Y)]=0
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Proof :
E(X -Y))’ = E(X - E(XY)+E(XY)- oY)y
= E|(X - E(XY)) + (E(XY) - AY))’ +2(X - E(X¥)NE(XY)- oY)

2

=E(X -E(X]Y)) +E(E(X|Y)-¢(Y))

+2E[(x - E(XIY))(E(X|Y)‘¢(Y)”



W E[(X - E(XY)NE(X]Y)-¢(Y))]

= E|[(X = E(XY)E(XY))] - E[(X ~E(X]Y))e(¥)]

» Z2=(X-E(X]v))(E(x[Y))

© E(2)

=E

=E

=E

E(z)]= E[E[x - E(X ¥ E(XY)V]

E(XY) (E[X - E(xV)]V]

E(XV)I(E(XY)- E(XY))] =0



Rz - E|X -E(X|Y)e(Y) = E(z) = E(2)Y)
= EE((X - E(X)Y))e(Y)Y)
= E¢(Y)LE(X - E(X]Y)Y)
= E¢(Y)U(E(X)Y)-EE(X|Y)Y)=0
o E(X=g(Y)) =E(X -E(X]Y)) +E(E(X]Y)-¢(Y))

coE(XX=oY)) 2 E(X - E(X]Y))



Note : %32 5.28 %= : E(X|Y)ZAFA Y & &8 F 4539 3R &1
R o et MSE %428, E(X|Y)2 &L X 0y—M@Y
B B o
E(X|Y) 7548 & % 2 4y info. set 2 T, 8 X s &AL FAA -

SLEE AR £ X —E(X|Y)8 Y eg424T R 5 & B -
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Var (X|Y) = E[(X - E(x|Y))2M

E[XZ—ZXE X|Y)+E(X]Y) M

E(x?y)-(E

E XZ\Y) 2E(X|Y)E(X|Y)+E(X]|Y)
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™ 529 X,Yrvs abO0,8 Var(aX +bY)=a%ar(X]Y)

£ 530 X,Yrvs, #
Var (X )= E(Var(X|Y))+Var(E(X|Y))

proof :

w Var(XY)=E(x?Y)- (E(x Y)Y

. E(var(X)Y))= EE(X?Y)- E[E(XY)’]
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=E(x?)-E[ E(X|Y)']
var (E(X]Y)) = E(E(X¥)') - (EE(X|Y))

(- var(z)=E(2°)-(E(2)))
=E|[ E(XIY)" |-E(x)

E(Var (X|Y)) +Var (E(X|Y))



=E(X?)- E[(E(X|Y))2} ' E[(E(X|Y))1 -E(X)’
= E(X?)-E(X )’ =Var(X)

Notes :

1. 32 530 %o~ © EAT— B rV.e) S E BT Uy AR REI 5 » —

BHHEHEEBNREE, S AR AZEENE R -
2. & X Y B4R AR HBFER IR KR J B

i.e. Var(X]Y)=Var(X)= E(Var(X|Y))=E(Var(X))=Var(X)
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