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X % continuousr.v., & pdf 2 f,(x), BIX@BEEEEEZHN T
4T

E(X) =7, xfy (x)dx b E(X)= 4

Var (X) = [, (x= p2)" £ (x)ax



Remarks :
1. E(aX +b)=aE(X)+b

2. Var(aX +b)=a*ar(X)
3. E(g(X))=[ g(x), (x)x

4. Var(g(X)) =17 (a(x) - E(g(x))) f (x)x



Ex4.13 X ~U(r,s), E(X)=?, Var(X)="7

—

E(X) =7 xf, (x)dx
=1 x[0dx + [ "X Gs%dx+ [ x [Ddx

=1 E—Ii(s2 —r2)

—jxdx—iD!x =
2 s—r

S—r S—Tr

r

1 1 S+r
R _ey==""
25_r(s Ns=r)===u



Var(X) = [Z, (x = )" 1, (x)dx

= [ (x= 0+ [1(x = f B2 [ (x4 0

X=S

= O(x-p) = _

-r 3

D1

S—r

Wik Wik on
N

3
3
X

N

|
(=1

Note :

_ 3 s-
s—rj (r
2

2

if X~U(01) = E(X)=

EQ[S uf - (r - p)]
1 2

12(s—r)

% Var(X):1—12



452 REAbHEAR

X Zrv, F, A cdf- 20<q<l:F, &% qafr#(quantile) :
HE F(x)2q F 0 Robe X B X, EF
i.e. x, =Min{XF,(x)= qf

Ex q=0.5 X, =MinxF(x)= 05

X > x 4 % 50.5 | |
B { oI BT 2 e, X, & P Ak

X < X589 4% R 0.5



" .
9 5 4ﬁ§i% Xozsr  Xoso  Xo7s

N : e
R A Xoor  Xoo29 X099

Xos A5 FALEL
U P(X <x,.)=[f, (x)dx=05

P(X 2 x.) = fi(x)dx=05

Note: A f, vHRSILAEEXZ X /& -
—ERETRAMRS B LTRAREA -



Ex414 X ~U(26)

4 Q1 o<(g<l

v %, = Min{xF, (x) 2 q}

F(x)zq = >q = X-224q = Xx=24q+2

Min{xF, (x)= 4q+2} = x, =4q+2



EX =025 , Xp=2+4(1)=3

0=05 , x,=2+41))=4

Z3 4.15 (4 tbE KR F X Chebyshev inequatity)
X is ar.v. with finite variance,Var(X) , the O c¢>0, we have

P(|X —E(x)\zc)svar(x)

C2

= c=ko, , Rl

2

g 1 1
P([X—,u\zkax)skzgi = o P(}X—,u\<kcfx)21—P




Proof:

{2% X A continuous r.v.

Var (X) :jffx,(x—,u)2 f (x)dx

= [2 (x= ) £ O)ax+ [0 (x = ) £, (ax + 7, (x= )" £, (x)x

U—koy U+tko y

S0 3 [0 (x= o (X [, (x= 22" (X)

X< u—-ko, X2 U+Ko,

10



= (x-u)° 2k’c? = (x—u)’ 2k’o?

:>0)2( 2 J'floo‘kax k20->2( fX (X)dX+ J-;o+kax k20->2( fX (X)dx
=k?02 [P(X -y 2 ko, )
=02 2k*a2 [P(X - 42 ko, )

1

:P(}X—y\zkax)s?

11



ML
#) £ W &) £ & & # (moment-generating function)

ZH AL VY, Y ek EEs (origing & k™ &z s EYY)
LA fh, RO

Ex u =E(Y)=u

12



ZH 42 rv.Y, YrEE meansy k" & 38 £ (central moment)
HE|Y-u) | o o

Ex = E|Y - uf]=0?
Z # 4.3 The moment generating function (mgf) of a r.vis\defined
to be m(t) = E(e") - We say angf for Y exists if Cb>0 s.t m(t)<w

O t[<b

13



x> x X

Recall: e =1+x+—+"— +" +...
2 3 4

2 3 4
" etY:1+tY+(tY) +(tY) +(tY) +..-
2! 3 4

:E(etY):%etny(y)

14



proof -

#(1)

2 t3 ,

I [ I
=1+ty +§/U2 +§,L13 tee (1)

If m(t) exist, then for any positive integes,

=i (0) =4,

t=0

15



] 2t ] 3 !
=>m, ()= + 5 40+ = m (0)= 44

m, A (t) = p, +=tpty +- = m(0)=4,

m(0)= 4,

16



Remark : mgf sk — @ —f 58 i.e
= If m(t) exists for a probability function , it is unique.

= If rv’s Y & Z have the sameyfs , they have the same

probability distribution .

17



Probability generating function (# & & & #)

RH 44 Y R—EEEMEG Y, B PY=i)=P , =012,

Mk EE S (pof) XA

P(t)=E(t") =R, +Pt+Pt*++ LRt

(- P)=E(t")=xt"1,(v)=StP(r =i)=Xt'P)

5 ALY

18



Z# 45 The k™ factorial moment of av. Y is defined to be
Hg = EIYY =1)(Y =2)-- (¥ —k+1),

22 :If P(t) is thepgf for an integer-valuedv. Y, the k™ factorial

moment of Y Is

d“P(t) _ _
ot | PY(L) = p4y

P(t) = E(tY): P +Pt+Pt2+ P+ P+ + Pth +...

19



= P'(t) =R +2Bt + 3Pt + 4Pt° +--- + kRt + ..
P'(t) = 2P, +3[2Pt" + 4[3Pt* + -+ k [(k ~D)Pt*?

PO(t)= ¥ ydy-1)y-2)---(y -k +1)Rt""
y=k
= P'(1)=1[R +2P, +3R, +4P, +--- = E(Y) = 14,
P"(1) = 2R, +3[2P, +4[3P, +--- = 1, = E[Y(Y -1)]

P®(1) = ékytﬂy—l)(y—Z)w(y—k+1)Pk

— E[Y(Y —1)(Y — 2)---(Y -k +1)] = My

20



B 54H]F

Ex 1(#] 1.2) Consider the.v. X with the probability distribution

X -4 0 1 2
P(X) 0.2 0.3 0.4 0.1
1. P(x>0) 2. P(x=0) 3. P(0sx<1)

4. P(x=-4) 5. P(x=-2)

—

1. P(x>0)=P(x=1)+P(x=2)=0.4+0.1=0.5
2. P(x=0)=1-P(x<0)=1-P(x=-4)=1-0.2=0.8

21



P(x=0)+P(x=1)=0.3+0.4=0.7

22



Ex 2(#] 2.1) Ar.v. X has the following probability function

X 0) 1 2 3
f(x) 1/2 1/4 1/8 1/8
Let Y=X*+2X +1
1. Find f,(y) 2. E(Y)="7 3. Var(Y)=?
- y 1 4 9 16

fy) | 12 | U4 | 18| 18

2. E(Y)=3xyh (y)=12)+4(2)+9(2)+ 1q1) = 4.62



2

3. Var(Y)=E(Y?)-(E(Y))

=E(Y?)-(4.629°=46.625-( 4.62

(" E(y?)= 2 y7t, (y) =12(2) + 42(2) + 9°(2) +16°(2) = 46.625)

y

24



Ex3(#]22) —fBbox ¥ 13x3k 148 253K 218 > 3 5k3K 3@ > -

NIRIK NAE > FEARIGER—IK > BL X &om3h il Z 904 o

£ 1 Xey#giaym 2. EX)

—
1. %%1+2+---+n:n(n+l)4ﬂ‘i
(X
,X:l,2,3---n
P(X = x) =4
0 . OW.
2X ,X=12,3---n
=in(n+1)
0 , OW

25



2.

E(X)=Xx, (x) =2

X

0 2x _ 2 0
< n(n+1) n(n+1)

2 (n+1)(2n+1)
n(n+1) e 6

_2n+1

3

> X

2

26



Ex 4(#] 2.9) Show thatE(X?)= (E(X))’. In what condition
E(X?)=(E(X))*

If Var(X)=0 < E(X2)=(E(X))



Ex5(#] 2.12) Suppose thpf of Xis f,(x)= X=2,3;
#1212 PP P <) x(x +1)
1. Findc=7 2. E(X)=7
—
1.~ Y f (x)=1
C 1
= =1 = C =1
gx(x+1) < X(x+1)
o 1 -1 1
- C =1 — C ——-—1=1
D><Z::2X(X+1) x=Z|:X x+1}
1 1.1 1 }_
cll=-=+=-=+...|=1
2 3 3 4

28



29



Ex 6(4] 2.27) Ar.v. X has the followingdf
( , if x<-1

o If -1<x<0

F (X) =9
o 1f 0<sxx<1

P Wi Wik O

o f x=>1

Find E(X) and Var(X)
—

- E(X)=3x, (%)

Must find f, (x) first
x=-1,0,1

30



f, (-1) = FX(—l)—FX(—l):%— o:%
1:x (O): F (O)_Fx(o_)zg_%:%

E(x)=§xrx(x)=-n@mz@m@:o

Var (X)=E(X?)-(E(X)) =(-2)’ T+ PO+ RO c:g

3 3 3



Ex 7(#] 3.1) Ar.v. X has following probability functionf (x)

X f(x)
-1 0.5
0 0.3
1 0.1
3 0.1

1. Find thecdf of X
2. Find themgf of X



Thecdf of X is F, (x)=P(X <x) OxOO

(0 if X< -1
05 if -1<x<0
=208 if 0<x<1
09 if 1<x<3
|1 If X=3

Themdf of X is M, (t)= E(e*)=Ye"f(x)

=g x05+€@x0.3+e®x0.1+€®x0.1
=0.5¢" +0.3+0.1€¢' + 0.1
=0.3+0.5e" +0.1€' +0.1e™



Ex 8(#] 3.3) Themgfof Xis M(t). LetY=aX+b

1. Find themgf of Y
2. Use the result in (1) to sho(Y)=aE(X)+b

1. The mgf of Yis M, (t) =E(e") = E(e“ax*b)) = E(e™ &)

— gb EE(et(ax)) — gb DE(eatX)

=e" [M(at)

2. M, (t)=e"M (at) @+ M (at)&" b

I

E(Y)=M, (0)=M (0)@@+b=aEg(X)+b

34



Ex9(#] 34) 1453%E(X")=08 ,r =12 --. Find themgf of X.

2483% E(X")=5" ,r=12---. Find themgf of X.

' , 2
1. Themgf of X is Mx(t):E(etX):1+,u1 E%+,u2 %+

2
SM () =1+ O.8t+0.8%+~-

k K k

=1+08% " =02+ 08+08% L = 02+08% -
=1kl k=1 k! k=okl
=0.2+0.8€¢'

0 Xk
(Note: e =3 —)
k=0 k!

35



2. Themgf of X'is M

00 ! t

t*
=1+ 24 E_l >5 =35

k=1

rei e e

k'[
kI «=o

36



Ex 10(#] 3.8) Let M, (t) denote thengf of X . Show that

M (xﬂ)(t) = e_¥ (M X (L)

g
o

—
Let Y:(X_’u)

g

themgf of Yis M, (t) = M(x_u)(t) = E(ew)= E(et(xf))

= Ee¢ )= gl e )= e E(gH)

=e7M, ()

o

37



Ex 11(#] 3.9) ThemgfofYis M(t)=(1-t)° ,t<1
Find E(X) and o°




AR R B T

Ex1(#] 2.3) Ar.v. X has thepdf

2x - 0<sx<k
(¥ { k
0o O.W.

k & 2%4 Var(X)=2

2

Var (X) =E(X?)=(E(X))
E(X) =[x (X)dx = fix2 dx = 2 fixdx = 23X} =2k

E(X2)= 7% f (x)dx = ix 2 = 2 [ixdx = 2 3xY] = L k* = (2)k?

39



— 1k?-4k?=2 = 9k*-8k?=36 = k’=36

= k?=+6 (&aFx4)

40



7 , 0<X<6

Ex2 (4] 2.7) r.v. X with thepdf f(x):{
O , ow

1. E(X®) 2. Median of X
—

L E() =t (o= e i o= 43

1840
= 1[1[6°
2. . Xy = Min{XF, (x) = 05}
Fy (x) = [hdt =3 Bt? =05
= ix*205 = x*218 = x23J2 or x<-3-VJ2(x4)
" Xos = Min{Xx23V2} = x,, =342

41



_)(2

Ex3(#] 215) X ~pdf f(x)=2e? ,x>C

—

m

1. P(X>0)=1 2. E(X)=? 3.Var(X)

1. [ f(x)dx = [ 2e ¥ dx = /2["e* dx

Au=% = du=(2)[(2)xdx = xdx
L retdx=[et X du=[r e O, W tdu
=L ["ue™du

**Note : P(a)=["x""e™dx P(a)=(a-1)P(a-1)

=7

42



2.

L Putetdu=P(E) =+

" f(x)dx =20 0/m=1

E(X) = [, xf (X)dx =[x 26 7 dx =2 [ xe~* dx

Au=% = du=(2)[(2)xdx = xdx

= Zlretdu=2(-e") = 2 00) = 2

43



3. E(X?)=[".x°f (X)dx =[7 X*/2e % dx =, /2 [ X’ * dx
Su=% = du=(1)[(2)xdx = xdx
= J2[72ue™x*du = /2] 2ue™ TLu i du =2,/ [P u*e™du

=2J1P(3) = 2/1P(1+3) = 2% [(3)P(3)
=211(})Vn =1

. Var(X)=E(x?)-(E(X))? =1-(

44



Ex4(#] 2.16) Arv. X withpdf f(x)=e? ,x<2
Find the 75" quantity of X.

—

X, = Min{xF, (x) 2 qf
R ()=P(Xx<x)= [ FRd = e td=e ! = e
. Xozs = Min{xe’? = 075
© €7%2075 = x-2=/n(0.75) = x=2+(n(0.75)

. Xgs = Min{Xx = 2+ /n(075)} = X,, =2+(n(0.75)

45



Ex 5(#] 2.17) X s a continuousv. with pdf f(x) ,x>0
1. Show that E(X) = ["[1- F(x)]dx

2. Xwith pdf f(x)=xe™ ,x>0.Use (1) to find E(X)
—

1. E(X) =[x (x)ox = 7 [10y]f (x)ax | <
= [y [t (x)yfix = {7,  (x)ax]dy §
= [ [1-F(y)ly




=X

CF(x) = [F(t)t = e dt = A(-2e7)

t=0

- X

=1-e x> (

1 () =61 F () o= e e~ Lo

[ee]

0

1

A

47



Ex 6(f] 2.24) X &) cdf % Fx(x):% £ f,(x) , E(X), Var(X)

—

F.(0)=0, F,(6)=1 .. x#jyrange 4 0<x<6

d d x° X
f =—F = d( =
< dlx () dx 36 18

X 0<Xx<6
of(x)="
X() {O ,  O.W.

E(X)=[gxf (x)dx=[gxXdx==%5x*dX :%&JXBL(; =4

1840

E(X?) =[x (x)dx =J5x* £ dx =4 [$x X :%ﬂ;xﬂs =18
Var (X)=E(X?)-(E(X)) =18-16= Z

48



EX 7(# 2.28) (£ 4% 1 R B A1) REM 480 X, cdf 2

0 , Xx<-1
03+02(x+1) , -1<x<0
Fx(x):<
0.7+ 0.3x . 0= x<1
\ 1 , >1
1. P(X=-1) (06<X<O)
3. P(X=1) E(X)=?  Var(X)=?
—
1. P(X=-1)=F (-)-F(-1)=03+ 04- % - & O

49



2. P(-0.6<X<0=P(X<0Q-P(X<-0§=F,( 0)-F, (- 0f
=0.3+0.2(0+1)-|0.3+0.2(-0.6+1)|

=0.2-0.08=0.12

3. P(X=1)=F,()-F(T)=1-(0.+ 0.3=



= (-1)[03-0]+1[1-1] + [~ xdF, (x)

=-03+[" xdF, (x)
= -03+ " xf, (x)dx
(02 , -1<x<0
- fx(x):dixp(x):<o.3 C 0<x<1
0 O.W.

2k (X)x = [0, x(02)dx + [ x(03)dx = 0203 X,

=0.1(0-1)+0.15=0.05
. E(X)=-0.3+0.05=-0.2



E(XZ) :gxz[F (x)-F (x)} + 12X, (X) dx
=(=)°| F(-)-F(-1) |+ 2| F()-F (1) |+°x( 0.3+ [5x*( O.pdx
=(03-0)+(1-1)+ 02[° x*dx + 0.3[> x’dx :115

Var (X) =E(X?)-(E(X))’ :1—75—(—0.25)2



Ex8(f 229) X #Epms f,(x)=

0.2
0.5
0.3

1. Kcdf F dE 2. Xz da#

(i 4% 91 R B iR A RY)

—
1. F,(x)=P(X <x), x0OO
0 , x< 1
=302+ f, (t)dt , Ex< 2 =
1 , X= 2

\

, Xx=1
. 1l<x<?2
, X=2
3. FHK
02 Qb= 012 (@6 )

53



I\

0 , X<l

05x-03 1< x<?2
1 , X=2
Fy(x)
1 + O

54



2. Xos =MinXF, (x)= 05}

05x-0.3=205 = 05x=>08 = ng

L Xys = minHFx (x) = g} = Xy =

3. E(X) :ZX[F(X)— F(x‘)]ﬂfxf (x)dx

X

=10[0.2)+ 2001~ 0.7) + | x(0.5)dx

2

=02+ 06+ O.5B112x2 =155

1

o1l 0o

55



Ex9(#] 2.32)  Ar.v. X with cdf F, (x) =+ . (

Find Var(x) (i& 4% g s4)

‘JHXz@zF@}FUﬂ:L{?%OZE

X B AR rv.
E(X) :ZX[F(X)— F(x‘)]ﬂ;fxf (x)dx

= OE = O} + [ x(gje‘xdx

56






Ex 10(4 2.33) A continuoug.v. X with pdf

k(1-x)x* , 0<x<1
1=
, O.W.

1. Find k.  2.Find f(xx>05) 3. Find E(X|X > 05)

f(x)dx=1 = k[{1-x)x2dx=1 = k[}(x*-x*Jix=1

el

— 2—1:>k =12

58



2A1-x)x* , 0<x<1
.. fx(x):{ (O )
, O.W.

f(x) _12(1-x)x°

2. f > 05)= = . 05<x<1
X (X‘X ) P(X S 0.5) 1 X
1 2 1 2 3 11
P(x > 05) = [1,12(1- x)xdx = 12", (x> - x* Jx = =

2(1-x)x*  05<x<1

0 O.W.

. f,(Xx>05) :{

59



E(X|X >05)=]

— 192

38
55

XF (Xx > 05)dx = [} x 3%2(1- x)x?dx

(L= X)dx =221 (%3 - x* Jdx

60



( 0 , z<0
Ex 11(#] 3.7) Arv. Zwithcdf G(z)=+ (223”) , 0<z<1
1 : O.W.

—

Get themgf of Z be m(t) = E(e?). Find m(1)

Z 2R AAY G(2)

Y
Y

61
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Ex 12(#] 4.6) Arv. X with E(X)=33, Var(X)=16
1. What is the lower bound foP(23< X < 43)

2. What is the upper bound fd?(|X —33>14)
—

1. P(X-y>ko)< PQX—y\ska)>1—k—12

x| =

P(23< X <43)=P(23-33< X -33<43-33)=P(-10< X — £ <10)

- P(X 41 <10)= P(X - < k(@) >1- 4

()

1, 4 21
25
4

63



2. P(X-33214)=P(X - 42 k(4))sk—12

1 -4 =0.082
49

64



